Abstract. Let MC(2, OC) ∼ = P 3 denote the coarse moduli space of semistable vector bundles of rank 2 with trivial determinant over a smooth projective curve C of genus 2 over C. Let βC denote the natural Brauer class over the stable locus. We prove that if f * (β C ′ ) = βC for some birational map f from MC(2, OC) to M C ′ (2, O C ′ ), then the Jacobians of C and of C ′ are isomorphic as abelian varieties. If moreover these Jacobians do not admit real multiplication, then the curves C and C ′ are isomorphic. Similar statements hold for Kummer surfaces in P 3 and for quadratic line complexes.
Introduction
In this text, a (classical) Kummer surface is a quartic surface S ⊂ P 3 over C with exactly 16 nodes as singularities, the maximal possible number. Equivalently, S is the quotient of a principally polarized abelian surface A over C by its standard involution − id A . These surfaces were first studied by Kummer in 1864, see [18] .
We will work with Kummer surfaces S obtained from quadratic line complexes, and from moduli spaces of vector bundles of rank 2 with trivial determinant over a curve of genus 2. In each of these situations, one has a natural Brauer class β ∈ Br(P 3 \ S) of order 2, which can be described as follows:
• A quadratic line complex Q is a smooth intersection of the Grassmannian Grass 1 (P 3 ) of lines ℓ ⊂ P 3 with another quadric in P 5 . Its associated incidence correspondence
consists of all pairs (p, ℓ) ∈ P 3 × Q such that the point p is on the line ℓ. The fibres of pr p are conics in P 2 , the locus where they are not smooth is a Kummer surface
and the restricted bundle of smooth conics over P 3 \ S Q defines a Brauer class β Q ∈ Br(P 3 \ S Q ).
See Section 3 for some references, and for more details.
• Let C be a smooth projective curve of genus g ≥ 2 over C. We denote by
the open locus of stable vector bundles E in the coarse moduli space of S-equivalence classes of semistable vector bundles E of rank r ≥ 2 with determinant Λ r E ∼ = L over C. The stable locus comes equipped with a natural Brauer class β C ∈ Br M s C (r, L) which can be interpreted as the obstruction against the existence of a Poincaré family (or universal family) of vector bundles over C × M s C (r, L), or equivalently also as the class of a corresponding moduli stack M s C (r, L) as a gerbe with band G m over M s C (r, L). See Section 4 for some references, and for more details. In the case of genus g = 2, rank r = 2 and trivial determinant L = O C , one has M C (r, L) ∼ = P 3 , and the stable locus M s C (r, L) is the complement of a Kummer surface
which is the quotient of the Jacobian A C = Jac(C) by its standard involution − id. See Section 5 for some references, and for more details. In each of these situations, the Brauer class β can also be described solely in terms of the Kummer surface S ⊂ P 3 , namely as the unique class β S of order 2 in Br(P 3 \ S) which is ramified along S in such a way that the corresponding 2-sheeted covering of S is an abelian surface. Restricting to the generic point of P 3 , we can also view β S as an element of order 2 in the Brauer group of the rational function field C(x 1 , x 2 , x 3 ).
The main observation of the present paper is that almost all of the geometric information can be recovered solely from this Brauer class over the rational function field C(x 1 , x 2 , x 3 ). More precisely, we prove in particular the following: Theorem 1.1. If S, S ′ ⊂ P 3 are Kummer surfaces with f * (β S ′ ) = β S for some birational map f :
then S ∼ = S ′ as algebraic surfaces.
then S Q ∼ = S Q ′ as algebraic surfaces.
then Jac(C) ∼ = Jac(C ′ ) as abelian varieties.
These statements are contained in Theorem 2.22, Theorem 3.4 and Theorem 5.7 below, respectively. If the given datum is very general, in the sense that the relevant abelian surface does not admit real multiplication, then we obtain the stronger conclusion that the Kummer surfaces are projectively equivalent or that the curves are isomorphic; see Corollary 2.25 and Corollary 5.9. Without this extra assumption on the relevant abelian surface, there is at most finite ambiguity here; see Corollary 2.23 and Corollary 5.11.
Kummer surfaces and an associated Brauer class
We work over C. By a Kummer surface, we mean a quartic surface S ⊂ P 3 whose singular locus S sing = S \ S sm consists of 16 ordinary double points.
We will work with Kummer surfaces up to projective equivalence. Two hypersurfaces S ⊂ P n and S ′ ⊂ P n are called projectively equivalent if f (S) = S ′ for some isomorphism
Each Kummer surface S is known to be isomorphic to the quotient of an abelian surface A by its standard involution − id A [16, §8] . The resulting 2-sheeted covering π : A ։ S is branched over the 16 points in S sing , whose inverse image consists of the 16 points in the 2-torsion A [2] . The complex abelian surface A is a quotient
The homology of Kummer surfaces is calculated in [35] . For the convenience of the reader, we recall here what we will need in the sequel. Lemma 2.1. The fundamental group π 1 (S sm ) is a semidirect product Λ ⋊ Z/2 in which the nontrivial element of Z/2 acts as − id on the normal subgroup Λ.
Proof. Let V • ⊂ V and A • ⊂ A denote the inverse images of S sm ⊂ S. Their complements
have real codimension 4, so π 1 (A • ) = Λ, and V • is simply connected. Therefore,
is a universal covering of S sm , so π 1 (S sm ) is the group of deck transformations V • → V • . These consist of the translations v → v + λ and point reflections v → λ − v with λ ∈ Λ.
Corollary 2.2. The singular homology H 1 (S sm , Z) is isomorphic to (Z/2) 5 .
Proof. By the Hurewicz theorem, H 1 (S sm , Z) is the maximal abelian quotient of π 1 (S sm ). The subgroup 2Λ ⊂ π 1 (S sm ) is normal, and the quotient Λ/2Λ ⋊ Z/2 is abelian because the induced action of Z/2 on Λ/2Λ is trivial. This abelian quotient
is maximal, since each element v → v + 2λ of 2Λ is a commutator in π 1 (S sm ).
Proof. Since S sm is arcwise connected, the universal coefficient theorem implies 
More precisely, the three theorems just quoted provide a canonical isomorphism
There is a only one nontrivial homomorphism from π 1 (S sm ) to Q/Z that vanishes on all elements of infinite order, namely the natural composition
Definition 2.5. Let S ⊂ P 3 be a Kummer surface. Then we denote by
the cohomology class corresponding, under the isomorphism (1), to the composition (2).
By construction, this natural cohomology class α S has order 2, and corresponds to thé etale restriction A • ։ S sm of the 2-sheeted covering π : A ։ S. Remark 2.6. Every other nonzero class in H 1 et (S sm , Q/Z) has order 2 as well, and corresponds to anétale restriction of a 2-sheeted covering S ′ ։ S by a Kummer surface
where A ′ is an abelian surface that admits an isogeny A ′ ։ A of degree 2. This follows from the observation that the kernel of every other nontrivial homomorphism from π 1 (S sm ) to Q/Z intersects Λ in a subgroup Λ ′ ⊂ Λ of index 2.
Let S ′ ⊂ P 3 be another Kummer surface. Then
Lemma 2.7. Each isomorphism f : S → S ′ lifts to an isomorphism of surfaces g : A → A ′ .
Proof. The uniqueness in the construction of the class α S implies that
maps α S ′ to α S . Therefore, f can be lifted to an isomorphism
This isomorphism automatically extends to an isomorphism g from the integral closure A of S in the function field C(A • ) to the integral closure
Remark 2.8. This lift g : A → A ′ of f : S → S ′ is in general not a group homomorphism, but the composition of a group homomorphism and the translation by a 2-torsion point. In particular, A and A ′ are isomorphic as abelian surfaces.
The projective embedding S ֒→ P 3 determines a principal polarization θ ∈ NS(A) in such a way that 2θ is the class of π * O S (1). Let θ ′ ∈ NS(A ′ ) denote the principal polarization determined in the same way by the projective embedding S ′ ֒→ P 3 .
Corollary 2.9. If the Kummer surfaces S ⊂ P 3 and S ′ ⊂ P 3 are projectively equivalent, then (A, θ) and (A ′ , θ ′ ) are isomorphic as principally polarized abelian surfaces.
Proof. Let f : P 3 → P 3 be an isomorphism with f (S) = S ′ . Due to Lemma 2.7, f can be lifted to an isomorphism of surfaces g : A → A ′ . Since
as line bundles over S, we have g * θ ′ = θ in NS(A), and therefore
By Remark 2.8, there is a 2-torsion point a ∈ A [2] such that g • t a is an isomorphism of abelian surfaces, and hence an isomorphism of principally polarized abelian surfaces. Proof. We use the commutative diagram
where p S is the blow-up of the 16 points in S sing , p A is the blow-up of the 16 points in A [2] , andπ is the induced map between these blow-ups. We claim that
, and hence L ∼ = O S by the projection formula. Having proved that p * S is injective, it now suffices to show that
is injective as well. For this, let now L be a line bundle overS such that
where ∼ alg denotes algebraic equivalence. Theñ
where both are vector bundles of rank 2 sinceπ is finite and flat of degree 2. Using the projection formula and taking determinants, we conclude that
BecauseS is a (smooth) K3 surface, this implies L ∼ = OS, as required.
Corollary 2.11. If (A, θ) and (A ′ , θ ′ ) are isomorphic as principally polarized abelian surfaces, then the Kummer surfaces S ⊂ P 3 and S ′ ⊂ P 3 are projectively equivalent.
Proof. Let g : A → A ′ be an isomorphism of principally polarized abelian surfaces. Then g is in particular a group homomorphism, so
Therefore, g descends to an isomorphism
Since moreover g * (θ ′ ) = θ, the two line bundles O S (1) and f * O S ′ (1) over S have the same image in NS(A). Using Lemma 2.10, we conclude that
as line bundles over S. Therefore, f induces an isomorphism
of 4-dimensional vector spaces. Thus f extends to an isomorphism P 3 → P 3 .
Proposition 2.12. The Gysin map ∂ : Br(
is an isomorphism. Proof. Since P 3 \ S is smooth and affine, the natural map
is an isomorphism [10, 15] . We use the Gysin sequence [20, Corollary 16.2] in the form given by [5, Corollary 2.5]. Thus we obtain an exact sequence
Since Br(P 3 ) = 0 and H 3 et (P 3 , µ n ) = 0 [20, Example 16.3] , it follows that the restrictions
of the Gysin map ∂ are all isomorphisms. Hence ∂ is also an isomorphism.
Corollary 2.13. The Brauer group of P 3 \ S is isomorphic to (Z/2) 5 .
Definition 2.14. Let S ⊂ P 3 be a Kummer surface. Then we denote by
the class given by ∂(β S ) = α S for the Gysin isomorphism ∂ in Proposition 2.12.
This class β S has by construction order 2. It is preserved by projective equivalence, in the sense that f * (β S ′ ) = β S in Br(P 3 \S) for each isomorphism f :
Remark 2.15. Let X be a projective variety over C. Let U ⊆ X be a smooth open subvariety. Then Br(U ) embeds into Br C(X) according to [12, Corollaire 1.10] .
Given another projective variety X ′ over C, a smooth open subvariety U ′ ⊆ X ′ , Brauer classes β ∈ Br(U ) and β ′ ∈ Br(U ′ ) and a birational map
we can thus compare f * (β ′ ) and β in Br C(X). We say that the pairs (X, β) and (X ′ , β ′ ) are birational if f * (β ′ ) = β in Br C(X) for some birational map f . We observe that such a birational map f exists if and only if there is an isomorphism of C-algebras
where D β and D β ′ are the unique central division algebras over the function fields C(X) and C(X ′ ) that have Brauer classes β and β ′ , respectively.
Remark 2.16. Let R be a discrete valuation ring with quotient field R ⊂ K and residue field R ։ k of characteristic zero. There is a natural short exact sequence
which describes the ramification of classes in Br(K) along the divisor k and is therefore called the ramification sequence; see for example [33, Chapter 10] .
To compare this ramification map to the Gysin map ∂, we consider the diagram In particular, the class β S ∈ Br(P 3 \ S) is ramified along the irreducible divisor S ⊂ P 3 , and its ramification there corresponds to the 2-sheeted covering π : A ։ S. These two properties characterize β S uniquely, according to Proposition 2.12.
Definition 2.17. Let f : X X ′ be a birational map between smooth projective varieties over C. We say that an irreducible divisor
In this case, the closure of f U (D ∩ U ) in X ′ does not depend on the choice of U , and is again an irreducible divisor. We denote this divisor by
Definition 2.
18. An algebraic variety is birationally ruled if it is birational to a product of P 1 times another algebraic variety.
Proposition 2.19. Let f : X X ′ be a birational map between smooth projective varieties over C. Let D ⊂ X be an irreducible divisor such that D is not birationally ruled. Then D is not exceptional for f .
Proof. The weak factorization theorem [1, Theorem 0.1.1] states that f is a composition of blow-ups of smooth centers and their inverses. Therefore, it suffices to treat the two special cases in which either f or f −1 is such a blow-up.
Suppose first that f : X → X ′ is the blow-up of a smooth center Remark 2.21. Let S ⊂ P n and S ′ ⊂ P n be smooth hypersurfaces of degree d. In the case n = 3 and d = 4 of smooth quartic surfaces, Oguiso showed in [31, Theorem 1.5] that S and S ′ can be Cremona isomorphic without being projectively equivalent.
In all other case with n ≥ 3 and (n, d) = (3, 4), the smooth hypersurfaces S and S ′ can only be Cremona isomorphic if they are projectively equivalent, by [31, Theorem 1.8].
Theorem 2.22. Let S ⊂ P 3 and S ′ ⊂ P 3 be two Kummer surfaces, with associated abelian surfaces A ։ S and A ′ ։ S ′ . Let
be a birational map with f * (β S ′ ) = β S in Br C(P 3 ). Then f is a Cremona isomorphism from S to S ′ . In particular, S ∼ = S ′ , and A ∼ = A ′ as abelian surfaces.
Proof. The Kummer surface S ⊂ P 3 is not birationally ruled, since it has Kodaira dimension 0, whereas every birationally ruled surface has Kodaira dimension −∞. Using Proposition 2.19, we conclude that f can be represented by an open immersion
Because the Brauer class β S ′ is ramified precisely in S ′ , its pullback f * U (β S ′ ) is ramified precisely in the inverse image of S ′ . Since f * U (β S ′ ) = β S by assumption, this inverse image is S ∩ U . Therefore, f U restricts to an isomorphism
Shrinking U if necessary, we may assume that S ∩ U and S ′ ∩ U ′ are smooth. Due to the functoriality of the Gysin map ∂, our assumption f
maps α S ′ to α S . Therefore, f U |S can be lifted to an isomorphism g U of open parts in the corresponding 2-sheeted coverings π : A ։ S and π ′ : A ′ ։ S ′ :
Because A and A ′ are abelian surfaces, the isomorphism g U between their open subvarieties π −1 (U ) and π ′−1 (U ′ ) extends to an isomorphism of surfaces
Since the restriction g U of g to π −1 (U ) descends to f U |S by construction, the two compositions (− id) • g and g • (− id) in the diagram
agree on the dense open subvariety π −1 (U ) of their common source A. Therefore,
on all of A. Consequently, g descends to an isomorphism
which, by construction, extends the restriction f U |S of f U . This proves that f is a Cremona isomorphism from S to S ′ , and in particular that S ∼ = S ′ . The remaining claim follows from Lemma 2.7 together with Remark 2.8. Corollary 2.23. Fix a Kummer surface S ⊂ P 3 . Up to projective equivalence, there are only finitely many Kummer surfaces S ′ ⊂ P 3 such that (P 3 , β S ′ ) is birational to (P 3 , β S ).
Proof. Narasimhan and Nori proved that each abelian variety A admits only finitely many principal polarizations up to automorphisms of A [23, Theorem 1.1]. Using this, the claim follows from Theorem 2.22 in conjunction with Corollary 2.11.
Corollary 2.24. The action of the Cremona group Aut C(x 1 , x 2 , x 3 ) on the 2-torsion in the Brauer group Br C(x 1 , x 2 , x 3 ) has uncountably many orbits.
Proof. Kummer surfaces depend on 18 complex parameters, whereas dim Aut(P 3 ) = 15. Hence there are uncountably many Kummer surfaces up to projective equivalence.
Recall that an abelian surface A over C is said to admit real multiplication if the ring End Q (A) = End(A) ⊗ Z Q contains a subring isomorphic to Q( √ d) for some integer d ≥ 2 which is not a square.
Corollary 2.25. In the situation of Theorem 2.22, suppose that the abelian surface A ∼ = A ′ does not admit real multiplication. Then S and S ′ are projectively equivalent.
Proof. Combine Theorem 2.22 with Lemma 2.26 below and with Corollary 2.11.
Lemma 2.26. Let A be an abelian surface over C with two different principal polarizations
Then A admits real multiplication.
Proof. The two principal polarizations θ, θ ′ define two isomorphisms
as in [21, §6, p. 60]. These two isomorphisms differ by the automorphism
A → A. Let P ψ (t) denote the characteristic polynomial of ψ acting on H 1 (A, Z) ∼ = Z 4 . According to [8, Subsection 2.2, p. 346], this polynomial P ψ (t) is the square of the polynomial
in End(A) ⊂ End Q (A). Since P (t) has real roots by [21, §16, p. 155], we have n ≥ 2. If A is isogenous to E × E for some elliptic curve E, then End Q (A) contains a subring isomorphic to Mat 2×2 (Q), and therefore A admits real multiplication.
Suppose that A is not isogenous to E × E for any elliptic curve E. Then End Q (A) contains no nonzero nilpotent elements, according to Poincaré's Complete Reducubility Theorem [4, Corollary 5.3.8]. Therefore, we have already
For n = 2, this relation (ψ − 1) 2 = 0 would imply ψ = id, which is absurd; hence n ≥ 3. So the splitting field of P (t) is the real quadratic number field Q( √ n 2 − 4). As ψ generates a Q-subalgebra of End Q (A) isomorphic to this field, A admits real multiplication.
Remark 2.27. Very general principally polarized abelian surfaces A over C do not admit real multiplication. More precisely, the abelian surfaces A which admit real multiplication by a specific field Q( √ d) form a surface H d in the 3-dimensional moduli space A 2 of principally polarized abelian surfaces. In particular, all principally polarized abelian surfaces A outside these countably many surfaces H d ⊂ A 2 have only one principal polarization.
In the situation of Theorem 2.22, suppose now that End Q (A) ∼ = Q( √ d) and that Aut(A) contains an element of negative norm. Then A has only one principal polarization up to automorphisms of A, due to [19, Proposition 4.1] . In this case, we can thus conclude as in Corollary 2.25 above that S and S ′ are projectively equivalent.
Quadratic line complexes and an associated Brauer class
Let Grass 1 (P 3 ) denote the Grassmannian of lines ℓ ⊂ P 3 over C. The Plücker embedding turns Grass 1 (P 3 ) into a quadric hypersurface in a P 5 . A smooth divisor
is called a quadratic line complex if Q is the intersection of Grass 1 (P 3 ) with another quadric hypersurface q = 0 in the same P 5 . It comes equipped with an incidence correspondence
where I Q consists of all pairs (p, ℓ) ∈ P 3 × Q such that the point p is on the line ℓ.
The projection pr ℓ is a P 1 -bundle, as its fiber over a point ℓ ∈ Q is the line ℓ ⊂ P 3 . The other projection pr p is a conic bundle with degeneration, as its fiber
over a point p ∈ P 3 is the conic given by q = 0 in the P 2 of lines ℓ ⊂ P 3 containing p; this fiber cannot be the whole P 2 by [11, Section 6.2, Lemma on p. 762]. The set
of all points p ∈ P 3 with pr −1 p (p) singular is a Kummer surface, and Definition 3.1. Let Q ⊂ Grass 1 (P 3 ) be a quadratic line complex. Then we denote by
the Brauer class of order ≤ 2 given by the smooth conic bundle pr p over P 3 \ S Q .
Let Q ⊂ Grass 1 (P 3 ) ⊂ P 5 still be a quadratic line complex. The variety of lines
consists of all lines in P 5 that are contained in Q. Each such line is contained in a singular fiber of pr p according to [11, Section 6.3, , and the resulting map
is a 2-sheeted cover branched in the 16 singular points of S Q ; moreover, A Q is an abelian surface, and S Q is the quotient of A Q by the standard involution − id A Q . Let
Q , Q/Z) denote the class of order 2 corresponding to theétale restriction of π Q to the smooth locus
By construction, α Q equals the class α S Q associated with S Q in Definition 2.5. Proposition 3.2. Let Q ⊂ Grass 1 (P 3 ) be a quadratic line complex. Then
where β Q given by Definition 3.1, and β S Q is given by Definition 2.14.
Proof. Applying [30, Theorem 1.1] to the conic bundle pr p , we get that the Gysin map
14 states that ∂ sends β S Q to α S Q = α Q as well. Since ∂ is injective according to Proposition 2.12, this implies β Q = β S Q .
Remark 3.3. In particular, the class β Q is non-zero. In other words, the smooth P 1 -bundle pr p over P 3 \ S Q is not Zariski-locally trivial. The non-vanishing of β Q has already been proved earlier in [25, Proposition 8 .1], in [28] and in [29, Section 6] .
Theorem 3.4. Let Q, Q ′ ⊂ Grass 1 (P 3 ) be two quadratic line complexes. Let
be a birational map with f * (β Q ′ ) = β Q in Br C(P 3 ). Then f is a Cremona isomorphism from S Q to S Q ′ . In particular, S Q ∼ = S Q ′ , and A Q ∼ = A Q ′ as abelian surfaces.
Proof. Due to Proposition 3.2, this follows from Theorem 2.22.
Moduli Spaces of Vector Bundles
Let C be a smooth projective curve of genus g ≥ 2 over C. For an integer r ≥ 2 and a line bundle L ∈ Pic(C) of degree d ∈ Z, we denote by
the coarse moduli space of S-equivalence classes of semistable vector bundles E over C of rank r with determinant Λ r E ∼ = L. We denote by Choosing an ample line bundle O C (1) over C, and a sufficiently large integer m, the coarse moduli space of stable vector bundles can be constructed as a GIT quotient
where Q r,L is a Quot-scheme that parameterizes the vector bundles E over C in question together with a basis of H 0 (C, E(m)), and N is the common dimension of the vector spaces H 0 (C, E(m)), so that GL N acts on Q r,L by changing the chosen basis. Then the center of GL N acts trivially, the induced action of PGL N is free, and the projection
is a principal PGL N -bundle. The group PGL N acts on the space Mat N ×N of quadratic matrices by conjugation, and the associated fiber bundle 
which is a gerbe with band G m . The Brauer class β C is the class of this gerbe, see [14] . 
for some line bundles L ∈ Pic(C) and L ′ ∈ Pic(C ′ ) of degree d with gcd(r, d) = 1, then
Furthermore the birational type of the moduli space is known, see [17 We now focus our attention on the first case with gcd(r, d) > 1, namely on curves C of genus g = 2 and vector bundles E of rank r = 2 with trivial determinant Λ r E ∼ = O C .
The case of genus 2 and rank 2, trivial determinant
Let C be a smooth projective curve of genus 2 over C. In this case, the moduli space M C (2, O C ) can be described explicitly as follows; see [24] for more details.
The theta divisor Θ ⊂ Pic 1 (C) is the image of the canonical map C → Pic 1 (C) that sends each point x ∈ C to the class of the line bundle O C (x). Riemann-Roch implies that the linear system |nΘ| has dimension n 2 − 1 for each n ≥ 1. So the moduli spaces M C (2, O C ) are all isomorphic to P 3 , and hence smooth and rational. Consequently, no Torelli type theorem in the form of Theorem 4.5 holds for them. This case also falls under the exception in Theorem 4.1. Whereas the whole moduli space is smooth, the open locus of stable vector bundles can be described as follows.
Let S C denote the quotient of the Jacobian A C = Pic 0 (C) by the involution − id A C .
The singular locus S sing C ⊂ S C is the image of the 2-torsion A C [2] ⊂ A C and consists of 16 ordinary double points. One has a closed immersion
which is induced by the morphism
Remark 5.2. The Kummer surface S C ֒→ P 3 depends on the choice of an isomorphism |2Θ| ∼ = P 3 . We fix one such isomorphism in the sequel, and use it to identify M C (2, O C ) with P 3 . A different choice would lead to a projectively equivalent Kummer surface in P 3 . Since the curve C has genus 2, it is hyperelliptic, and its Weierstrass points are precisely the 6 fixed points of the hyperelliptic involution.
Theorem 5.5 (Newstead, Narasimhan-Ramanan). If x is a non-Weierstrass point on C, then there is a canonical isomorphism
where Q C,x is a quadratic line complex in Grass 1 (P 3 ). This isomorphism sends each class [F ] of a vector bundle F to the line
Proof. See [27, Theorem 1] and [24, Theorem 4] .
The quadratic line complex Q C,x comes equipped with the incidence correspondence
as recalled in Section 3. In terms of vector bundles, I C,x can be viewed as a Hecke correspondence; see [26, Section 4] . More precisely, I C,x parameterizes exact sequences
here O x is the skyscraper sheaf at x. As also recalled in Section 3, the quadratic line complex Q C,x defines a Kummer surface
and a 2-sheeted covering A Q C,x ։ S Q C,x of it by an abelian surface, namely by the variety
of lines in Q C,x . Actually, S Q C,x = S C due to [24, Lemma 13.2] , and their 2-sheeted coverings A Q C,x and A C are canonically isomorphic by [24, Theorem 5] .
In particular, the complement of
Proposition 5.6. Let C have genus 2, and let x be a non-Weierstrass point on C. Then
where β Q C,x is given by Definition 3.1, and β C is the class defined in Section 4.
Proof. Viewing the incidence correspondence I C,x as a Hecke correspondence in the above sense, we can identify the smooth conic bundle pr p over M s C (2, O C ) with the P 1 -bundle whose fiber over a point [E] is the projectivization PE x of the fiber E x .
Thus the Brauer class β Q C,x of this smooth conic bundle pr p is also the Brauer class of the Azumaya algebra A C,x over M s C (2, O C ) whose fiber over a point [E] is End(E x ). By construction, β C is the Brauer class of the Azumaya algebra A C,m over M s C (2, O C ) whose fiber over a point [E] is End H 0 (C, E(m)).
Because Aut(E) = G m acts with the same weight one on both E x and H 0 (C, E(m)), there is a vector bundle V over M By construction, V is a bimodule that provides a Morita equivalence between the Azumaya algebras A C,x and A C,m . Hence their Brauer classes β Q C,x and β C are equal.
Theorem 5.7. Let C and C ′ be two smooth projective curves of genus 2 over C. Let
be a birational map f * (β C ′ ) = β C . Then f is a Cremona isomorphism from S C to S C ′ . In particular, S C ∼ = S C ′ , and the Jacobian A C is isomorphic to A C ′ as an abelian variety.
Proof. Due to Proposition 5.6, this follows from Theorem 3.4. Corollary 5.9. In the situation of Theorem 5.7, suppose moreover that the common Jacobian A C ∼ = A C ′ does not admit real multiplication. Then C and C ′ are isomorphic.
Proof. Combine Theorem 5.7 with Lemma 2.26 and with the classical Torelli theorem.
Remark 5.10. Studying the birational type of the pair (M C (2, O C ), β C ) is equivalent to studying the birational type of the moduli stack M C (2, O C ), because β C is the class of the
with f * (β C ′ ) = β C is the same thing as a birational 1-morphism
of weight 1. Conversely, each birational 1-morphism g as in (4) has weight 1 or weight −1 by [13, Lemma 3.8] . Composing g with the automorphism E → E dual of M C (2, O C ) described in [13, Example 3.7] if necessary, we may assume without loss of generality that g has weight 1. Then g induces a birational map f as in (3) with f * (β C ′ ) = β C .
Corollary 5.11. Fix a smooth projective curve C of genus 2 over C. Up to isomorphism, there are only finitely many smooth projective curves C ′ of genus 2 over C such that the moduli stack M C ′ (2, O C ′ ) is birational to the moduli stack M C (2, O C ).
Proof. 
